Abstract. We analyse some properties of the cohomogeneity one Ricci soliton equations, and use Ansätze of cohomogeneity one type to produce new explicit examples of complete Kähler Ricci solitons of expanding, steady and shrinking types. These solitons are foliated by hypersurfaces which are circle bundles over a product of Fano Kähler-Einstein manifolds or over coadjoint orbits of a compact connected semisimple Lie group.
Introduction
A Ricci soliton is a solution (g, X) , where g is a complete Riemannian metric and X is a complete vector field on a manifold M , to the equation:
where ǫ is a real constant. The significance of such a solution is that it generates a family of metrics that evolves in a particularly simple way under the Ricci flow (0.2) ∂g τ ∂τ = −2Ric(g τ ).
For we may now define a 1-parameter family of vector fields
and integrate these to a 1-parameter family of diffeomorphisms ψ τ on M . Then g τ = (1 + ǫτ )ψ * τ g defines a solution to the Ricci flow which evolves just by diffeomorphisms and homotheties. The soliton is called steady, expanding, or shrinking depending on whether ǫ is zero, positive, or negative. Steady solitons therefore give examples of eternal Ricci flows, i.e., ones defined for all τ ∈ (−∞, ∞). Expanding and shrinking solitons give respectively immortal solutions on (− where ω is the 1-form dual to X via the metric g and δ * is the symmetrized covariant derivative. A particularly important class of solutions is obtained if we take ω to be exact, or equivalently take X to be the gradient of a smooth function u. In this case the Ricci soliton equation becomes (0.4) Ric(g) + Hess(u) + ǫ 2 g = 0,
where Hess denotes the Hessian. A solution (g, u) of this equation is called a Ricci soliton of gradient type. Date: revised February 8, 2008 . partially supported by NSERC Grant No. OPG0009421.
1
Ricci solitons are of course generalisations of Einstein metrics, for if X is the zero vector field we recover the Einstein equation from (0.1). It is natural therefore to ask whether techniques for producing Einstein metrics can be adapted to produce examples of Ricci solitons. One such approach is to look for solutions with large symmetry group. Recall that Perelman's no breathers theorems (cf §2 and 3 of [Per] ) imply that on a compact manifold all Ricci solitons are of gradient type. Several authors, e.g., [ELM] have then observed that this fact immediately implies that compact Ricci solitons with constant scalar curvature must be trivial, i.e., Einstein. For if we take the trace of (0.4) we obtain R + ∆u + nǫ 2 = 0, where R is the scalar curvature and n is the dimension of M . If R is constant, we can integrate over the manifold to deduce that R + nǫ 2 = 0, so u is constant and the soliton is trivial. In particular, compact homogeneous solitons must be trivial. By contrast, nontrivial noncompact homogeneous Ricci solitons exist, and there is a beautiful correspondence between left-invariant Einstein metrics on solvable Lie groups and homogeneous Ricci solitons on their nilradicals (cf [La] , [FDC] ).
The next step up in complexity from homogeneous metrics are those of cohomogeneity one, that is, those where a group acts isometrically with generic orbit of codimension one. Curvature equations are therefore reduced to ordinary differential equations in a variable transverse to the orbits. The foundational work here is due to Bérard Bergery [BB] , who developed the mathematical framework of Page's metric [Pa] and produced further new examples of Einstein metrics of cohomogeneity one. We remark here that the same equations may arise in any situation where the metric on the hypersurfaces depends on a single transverse variable, whether or not the hypersurfaces are homogeneous (see Remark 1.17). Indeed many of Bérard Bergery's examples were already of this form.
Recall that a Ricci soliton is said to be Kähler if in addition there is a complex structure for which g is Kähler and X is an infinitesimal automorphism. By the work of Tian and Zhu [TZ1] , [TZ2] , Kähler-Ricci solitons on compact complex manifolds are unique up to holomorphic transformations. Several authors [Ko] , [Ca1] , [Ca2] , [ChV] , [G] , [PTV] , [FIK] , [Yan] have produced cohomogeneity one type Kähler-Ricci solitons where the hypersurfaces are circle bundles over a Fano Kähler-Einstein space. The hypersurfaces are equipped with metrics such that the bundle projection becomes a Riemannian submersion with totally geodesic fibres. We also note that X.-J. Wang and Xiaohua Zhu have shown that compact toric Fano manifolds always admit Kähler Ricci solitons [WZ] , and their result has been generalised in [PS2] to Fano bundles over a generalised flag manifold with compact toric Fano fibres.
In this paper we formulate a general approach to Ricci solitons of cohomogeneity one and use it, in the Kähler setting, to unify and generalise all the above cohomogeneity one type examples. We particularly focus on the situation where the hypersurfaces are generic circle fibrations over arbitrary compact homogeneous Kähler manifolds (see §4), or certain circle bundles over an arbitrary product of Fano Kähler-Einstein manifolds (see §3). In the latter case, the Fano manifolds need not have any isometries, so the resulting Kähler manifolds need not have more than a circle of isometries. We consider both the compact and non-compact cases, and for each hypersurface we analyse the different blow-downs which form a smooth compact end. We note that the corresponding Fano Kähler-Einstein case was considered by [Sa] , [KS1] , [KS2] , [PS1] , while the complete non-compact Kähler-Einstein case was examined in [DaW] and [WW] , (cf [Wa] , Thms 3.1 and 3.2 for more general blow-downs than those in [WW] ).
In more detail, the layout of the paper is as follows. In §1 we develop the general formalism for cohomogeneity one Ricci solitons, and write down the resulting system of ordinary differential equations. §2 is devoted to proving an analogue for Ricci solitons of a theorem of A. Back concerning the cohomogeneity one Einstein equations [Ba] . Namely, we show that provided a special orbit of dimension strictly smaller than that of the principal orbits is present and a sufficient amount of smoothness of the metric and 1-form is established, the full Ricci soliton equations on a cohomogeneity one manifold actually follow from a smaller set of equations which includes the components of the soliton equations along the principal orbits.
In §3 we focus, as mentioned above, on the case when the hypersurface is a circle bundle over a product of (possibly inhomogeneous) Kähler-Einstein manifolds. We find that the Ricci soliton equations, like the Einstein equations, admit a class of explicit solutions representing solitons with Kähler metrics. By judicious choice of parameters we can arrange the boundary conditions so as to obtain steady and expanding solitons on vector bundles over products of Fano Kähler-Einstein spaces (cf Thm 3.20). These vector bundles may be of rank one or of higher rank. The latter examples thus generalise the U (n)-invariant Kähler-Ricci solitons on C n due to H. D. Cao [Ca1] . However, the sectional curvatures in the new examples are no longer positive.
We also find compact shrinking solitons, where the manifold is a CP 1 -bundle over a product of Fano Kähler-Einstein manifolds, or is obtained from such a bundle by blow-downs (cf Thm 3.25). Furthermore, we produce examples of complete noncompact shrinking solitons generalising those of [FIK] (cf Thm 3.36).
In §4 we return to the strict cohomogeneity one setting and consider principal orbits which are circle bundles over a generalised flag variety. Here, as in [DaW] , we make the assumption that the isotropy representation of the principal orbit is multiplicity free. We note that the hypersurface is now a Riemannian submersion over a Kähler (though not necessarily Einstein) metric. We shall show that the soliton equations are identical to those in §3, and hence we obtain new examples of steady, expanding, and shrinking solitons in this setting also.
The Cohomogeneity One Ricci Soliton Equations
In this section we will adapt the Ricci soliton equation (0.3) to the cohomogeneity one setting, following basically the approach and notation of [EW] .
Accordingly, let G be a compact Lie group acting via isometries on an n+1-dimensional connected Riemannian manifold (M ,ḡ) with one-dimensional orbit space, which is further assumed to be not a circle. We choose a unit speed geodesic γ(t) which intersects all principal orbits orthogonally. Let K denote the principal isotropy group along γ(t). Then there is an equivariant diffeomorphism
given by Φ(t, gK) = g · γ(t), where M 0 ⊂ M is the open and dense subset consisting of all points lying on principal orbits and I is an open interval. We denote by P t the principal orbit passing through γ(t) and by P an abstract copy of the homogeneous space G/K, which is assumed to be connected. It then follows that
where g t is a one-parameter family of G-invariant metrics on P . It will be convenient to fix a background metric b on P which is induced by a bi-invariant metric on G. We can then write
where q t is a b-symmetric automorphism of T P . We will adopt the convention that ∇, Ric, and R denote respectively the Levi-Civita connection, the Ricci tensor, and the scalar curvature of the metric g, while ∇ t , Ric t , and R t denote the corresponding objects for g t . Whenever the context is clear, we will drop the t-dependence to simplify the notation. In this spirit, we let L t denote the shape operator of the orbit P t , i.e., for
) is a unit G-equivariant normal field along P t with ∇ N N = 0. Via the diffeomorphism Φ, we can regard L t as a one-parameter family of G-equivariant, g t -symmetric endomorphisms of T P . In particular, its trace tr(L) is constant along P t . We also have, for X, Y ∈ T P ,
In [EW] , viewing M 0 as an equidistant hypersurface family, and using the Gauss and Codazzi equations together with the Riccati equation for L, one obtains
where X, Y ∈ T P t , L t is viewed as a T P -valued 1-form on T P , and δ ∇ t : T * (P ) ⊗ T P → T P is the codifferential.
Let us now consider the Ricci soliton equation on (M , g). This becomes
where ω is a 1-form on M and
is the symmetrized covariant differential. Note that if we take the vector field g-dual to ω and use Lemma 1.60 in [Be] we obtain Eq.(1.8) on p. 4 of [Cetc] . Note also that if we add a 1-form corresponding to a Killing vector field to ω we obtain another solution of the soliton equation. Suppose next that G is any compact group of isometries of g. We fix a unit volume Haar measure dµ G on G. For ϕ ∈ G, since ϕ * δ * ω = δ * ϕ * ω, we obtain from Eq.(1.5) that
By differentiating under the integral sign and the above fact, we readily obtain δ * ω = δ * ω.
In other words, if (M , g, ω) is a Ricci soliton and g has a compact subgroup G of isometries, we may assume that the 1-form ω is also G-invariant. In the special case of a gradient Ricci soliton with ω = du for some smooth function u on M , the above argument shows that we may assume that u is G-invariant. (u is often called a potential for ω.)
Returning to the cohomogeneity one situation, we will assume from now on that ω is G-invariant. Then it follows that
where ξ is a function of t only and ω t is a 1-parameter family of G-invariant 1-forms on P .
Lemma 1.7. For X, Y ∈ T P t , we have
which gives the first assertion.
Next we consider X ∈ T P and extend it first to a local vector field in P and then via Φ to a local vector field in M 0 . It follows that [N, X] = 0. Then we have
since X(ξ) = 0. This gives the second assertion. For the third assertion, let us extend X, Y to local vector fields as above. We have
It follows that
Combining the above Lemma with (1.2)-(1.4), we obtain Proposition 1.8. Let (M n+1 , g) be a Riemannian manifold where M admits a cohomogeneity one action with respect to some compact group G of isometries of g. Assume that ω is a G-invariant 1-form on M . Under the diffeomorphism Φ : I × P → M 0 induced by a unit-speed geodesic γ which intersects all principal orbits orthogonally, the Ricci soliton equation for g and the vector field dual to ω is equivalent to
Conversely, if g t (resp. ω t ) is a smooth 1-parameter family of G-invariant metrics (resp. 1-forms) on P = G/K and ξ is a smooth function of t ∈ I such that, with L t defined byġ(X, Y ) = 2g t (L t (X), Y ) for X, Y ∈ T P , the above system holds, thenḡ = dt 2 + g t andω = ξdt + ω t give a local Ricci soliton on I × P .
In the above we have used the notation Z ♭ to denote the 1-form dual to the given vector field Z. In the situation of a gradient Ricci soliton, ω = du, where we may assume that u is a G-invariant function, Lemma 1.7 then implies that the only non-trivial components of δ * ω = Hess(u) are
where X, Y ∈ T P t . We then obtain the system
Remark 1.17. The above formulas are valid not just in the cohomogeneity one setting but also when we have a manifold which, after removing some higher codimension submanifolds, is an equidistant hypersurface family. More precisely, suppose M n+1 has a smooth real-valued function t with range an interval I such that M 0 := t −1 (int(I)) is diffeomorphic to a product int(I) × P for a fixed n-dimensional manifold P . Furthermore, assume that on M there is a Riemannian metric g and a 1-form ω such that under pull-back via some such diffeomorphism they have the respective forms (1.1) and (1.6). Then (1.2)-(1.4) and Lemma 1.7 remain valid, and hence so does Proposition 1.8. Unlike the cohomogeneity one situation, however, tr(L t ) does not in general depend only on t, so the d(tr(L t )) term in Eq.(1.9) could be nonzero. As well, the scalar curvature of each level set (P t , g t ) is not necessarily constant. In the case of a gradient Ricci soliton, (1.14)-(1.16) require the assumption that the potential u is constant on each P t .
We now give a more precise description of the G-invariant 1-forms ω t , and hence of Eq.(1.11). To this end, let g = k ⊕ p be an Ad K -invariant decomposition of g with respect to the background bi-invariant metric on G, so that p ≈ T [K] (P ). Let p 0 denote the subspace of p on which Ad K acts as the identity. Then ω t can be regarded as a path in p * 0 . Let {Z 1 , · · · , Z ℓ } be a b-orthonormal basis of p 0 and {θ 1 , · · · , θ ℓ } be the dual basis. Then ω t = ℓ i=1 w i (t)θ i for certain smooth functions w i (t). We will write down Eq.(1.11) along the geodesic γ(t). We begin with the proof of part c of Lemma 1.7 where we now assume that X, Y are the Killing vector fields on M 0 generated by two vectors in p ≈ T [K] (G/K) . Using the Lie derivative, we have 2δ
. By G-equivariance, the second and third terms on the right vanish, while the last term can be written as
where
is the g t -dual to ω t . By Proposition 7.28 in [Be] , the last expression becomes
, where we have switched to using brackets in the Lie algebra g. Hence Eq.(1.11) becomes
Remark 1.19. Note that in the last two terms of (1.18) we have the operator 1 2 (ad Wt + ad * Wt ) where * denotes the adjoint with respect to g t . To deal with it, the following observations are useful.
(i) Using the background biinvariant metric b we can decompose p as an Ad K -invariant orthogonal sum p = p 0 ⊕ p 1 ⊕ · · · ⊕ p r where p i and p j are inequivalent orthogonal real representations if i = j and each p i is a sum of equivalent irreducible orthogonal summands. Then p 0 is an Ad K -invariant subalgebra of g. In fact it is the Lie algebra of C 0 (K)/Z 0 (K), where C and Z denote respectively the centralizer and centre, so p 0 is of compact type.
(ii) We have [p 0 , p i ] ⊂ p i for all i because for any irreducible Ad K -submodule m of p and any h ∈ C(K), Ad h induces an Ad K -equivariant isomorphism of m with Ad h (m), so the latter lies in the same p j as m does. Note that q t (p i ) ⊂ p i for all i as well. Since W t ∈ p 0 , it follows that the operator 1 2 (ad Wt + ad * Wt ) maps p i to itself. Remark 1.20. In studying cohomogeneity one metrics one sometimes makes the assumption that there is a b-orthogonal decomposition of p into Ad K -invariant summands, say p = m 1 ⊕· · ·⊕m ℓ , such that g t | m i = f i (t) 2 b| m i . (Here one does not assume that m i is irreducible.) This is the situation in a multiple warped product or when p is a sum of pairwise inequivalent irreducible orthogonal representations. Suppose further that ad Wt preserves the above decomposition. Then Ad exp(sWt) leaves all m i invariant, and so it is clear from the form of the metric that exp(sW t ) acts on the right of G/K via isometries of g t . Hence δ * ω t = 1 2 L Wt g t = 0. Note that by Prop. 3.18 in [BB] , we also have Ric(X, N ) = 0. So by (1.9), (1.3), and (1.7) we are reduced to the case of a gradient Ricci soliton.
Next we consider briefly the smoothness criterion for ω when there is a special orbit G/H, where K ⊂ H and H/K = S k . This is obtained in essentially the same way as for the metric g (cf. the first remark on p. 114 and section 1 in [EW] ). Let V ≈ R k+1 denote a normal slice at [H] ∈ G/H and , 0 denote the Euclidean metric on it (induced by g if it is already given). The subgroup H acts orthogonally irreducibly on V and, because of the cohomogeneity one assumption, transitively on the unit sphere in it. But in general H need not act effectively on V . We denote by p + and p − respectively the subspaces of the tangent space T eK (G/K) corresponding to H/K and G/H.
On the tube around G/H, the 1-form ω is determined by an H-equivariant map from V → V * ⊕ p * − and vice versa. The Taylor series for this map gives rise to H-equivariant homogeneous polynomials on V with values in V * ⊕ p * − , i.e., elements of
For ω of the form ξ(t)dt + ω t to be smooth, it is necessary and sufficient (cf Lemma 1.1 in [EW] ) that, for all m, its mth Taylor coefficient (as a function of t) be the restriction to the unit sphere in V of elements of W m . Note that at [K] ∈ H/K = S k these elements must have a value which is fixed by K.
Besides determining the spaces W m , one of the technical points of applying the above smoothness criterion is to reconcile the relationship between the biinvariant metric b, the metric dt 2 + g t , and the Euclidean metric , 0 on V . It is now convenient to write
where the above decomposition is b-orthogonal and h = k⊕p + . We have a corresponding orthogonal decomposition p 0 = a + ⊕ a − , and we will take the basis {Z 1 , · · · , Z ℓ } of p 0 chosen before to be adapted to this decomposition.
Note that if p 0 = 0, then on I × P we have ω = du, where u(t) is an anti-derivative of ξ(t). Furthermore, if there is a special orbit G/H (with K ⊂ H) then smoothness further implies that u is even in t. We therefore obtain Lemma 1.21. Suppose that (M , g, ω) is a cohomogeneity one Ricci soliton with ω chosen to be Ginvariant. If the isotropy representation of the principal orbit has no trivial irreducible summands, then it must be a gradient Ricci soliton.
For a gradient Ricci soliton of cohomogeneity one with G-invariant potential, we have ω =u dt for some smooth function u(t). If there is further a special orbit at t = 0, then u(t) must be even in t.
Some Consequences of the Contracted Second Bianchi Identity
We begin with a general remark about the Ricci soliton equation (0.3). It is well-known (see, e.g., Lemma 1.10 in [Cetc] ) that the contracted second Bianchi identity yields the consequence
where ∆ is the Laplace-Beltrami operator and r is the Ricci endomorphism. The following result is a simple extension of Theorem 5.1 in [DTK] and a special case of Bando's result [Ban] for the Ricci flow.
Lemma 2.2. Assume that dim M ≥ 3. Then the system consisting of (0.3) and (2.1) is a quasilinear elliptic system in harmonic coordinates. Hence a C 2 solution (g, ω) of the Ricci soliton equation is automatically real analytic.
Proof. Note that in harmonic coordinates, the principal symbol of the linearization of the system at a solution is given by
where (ρ, η) ∈ S 2 T * M ⊕ T * M, · · · denotes an expression linear in ρ, and ζ is a nonzero cotangent vector. Hence the system is quasi-linear elliptic. If (g, ω) are C 2 in harmonic coordinates, we can apply Morrey's interior regularity theorem as in [DTK] . However, in transforming (g, ω) to harmonic coordinates, the resulting tensors are only in C 1,α . We then need to apply Theorems 8.8 and 9.19 in [GT] to the components of the system to see that in fact (g, ω) are C 2,α .
Returning to the cohomogeneity one situation, if we use the connection Laplacian instead of the Laplace-Beltrami operator, (2.1) becomes
wherer is now the Ricci endomorphism corresponding to the Ricci tensor Ric viaḡ. It is classical [Ya] that this equation is also satisfied for a 1-form dual to a Killing field. So in considering symmetric Ricci solitons, in addition to its role in ellipticity, it is natural to examine the relation of (2.3) to the Ricci soliton equations. In this section we show that Eqs (1.9) and (1.10) can be replaced by Eq.(2.3), provided there is a special orbit of dimension strictly smaller than that of a principal orbit and provided C 2 regularity forḡ and ω has been established. This generalizes an observation of A. Back for the cohomogeneity one Einstein equations (cf [Ba] and [EW] , pp. 118-120).
Lemma 2.4. For a G-equivariant 1-form ω of the form (1.6), Eq.(2.3) is equivalent to the equations
where {e 1 , · · · , e n } is an orthonormal basis of T P t .
Proof. This proceeds essentially by straight-forward computation using a local orthonormal frame {N, e 1 , · · · , e n }. First, we consider
Also, using (1.2) and (1.3), we have
Putting the two computations together and noting that tr(L t ) depends only on t, we obtain (2.5).
Similarly, by using (1.3) and (1.4) we have, for X ∈ T P t (extended to a local vector field in the usual manner such that [X, N ] = 0),
On the other hand, we have
After systematically splitting the covariant derivatives in the above expression into their components along and orthogonal to the principal orbits, we obtain
Unravelling the covariant derivatives further in the above, we arrive at
Combining this with the computation for ω(r(X)) above, we finally obtain (2.6).
Remark 2.7. Notice that in the setting of Remark 1.17, the above Lemma remains valid provided that all the hypersurfaces P t have constant mean curvature.
Remark 2.8. In the case of a gradient Ricci soliton with ω =u dt, Eq.(2.3) becomes the system
for all X ∈ T P t and all t. In particular, for a non-trivial gradient Ricci soliton, the second equation coincides with Eq.(1.14) (since tr(L t ) depends only on t). If we combine Eq.(2.9) with Eq.(1.15) then we obtain (2.11)
This last equation, which may be viewed as an equation foru, corresponds to the first integral observed in [Iv] (p. 242) and more generally in [Ha] (pp. 84-85) and [Ca3] (p. 123).
Proposition 2.12. Suppose thatḡ and ω are respectively a G-invariant metric and 1-form on int(I) × P of the form (1.1) and (1.6). Let v denote the ratio of the volume of g t to that of the background metric b.
(i) If Eqs.(1.11) and (2.6) hold, then
, where X ∈ T x 0 (P ) and x 0 ∈ P are arbitrary.
(ii) If Eqs.(1.9), (1.11) and (2.5) hold, then along each γ(t) as above we have
Proof of (i). By G-equivariance, we may assume that x 0 is the base point [K] ∈ P = G/K. We can extend X to a vector field in P near x 0 and then to a local vector field in int(I) × P in a neighbourhood of γ. When we compute at γ(t), for a fixed value of t, we will choose a local g torthonormal moving frame {e 1 , · · · , e n } on P such that at x 0 we have ∇ t e i e j = 0 for all 1 ≤ i, j ≤ n. This then induces a moving frame on int(I) × P which is not necessarily orthonormal off P t but which still commutes with N .
Since the scalar curvature ofḡ is constant along P t , the contracted second Bianchi identity yields at γ(t)
As ∇ N N = 0 and [N, X] = 0, the first term on the right becomes
The second term equals i e i (Ric(e i , X)) − Ric(e i , ∇ e i X) − Ric(∇ e i e i , X) .
We can now split the ambient covariant derivatives into their components along and orthogonal to P t , after which we may apply Eq.(1.11) three times to get
Combining the above computations and unravelling the differentiation with respect to e i yield
Note that δ ∇ t ω t is a G-invariant function, so X(δ ∇ t ω t ) = 0. We now multiply the last equation by v and use the fact thatv = tr(L t )v to get
If (2.6) holds, then we obtain
as required.
Proof of (ii).
Recall that we assume (1.9) and (1.11) in the following. This time let {N, e 1 , · · · , e n } be an orthonormal frame in a neighbourhood of γ(t) adapted to int(I) × P . By the contracted second Bianchi identity, we have 1
where we have used (1.9) twice and (1.11) once. On the other hand,
where we have used (1.11) again.
The above expressions for dR(N ) combine to give an equation, which, after multiplying by v 2 can be written as follows:
One readily checks that
In order to compute N (tr(δ * ω t )) + δ ∇ tω , we switch to a frame {e 1 , · · · , e n }, orthonormal at γ(t), of the type used in the proof of (i) above. Then
Note that at γ(t), we haveġ
Using [e i , N ] = 0 we now have
where we have used (1.3) in the last step. Eq. (2.14) now becomes
Applying (2.5) we get
as asserted. In either case of Proposition 2.12, if there is a special orbit whose dimension is strictly smaller than that of a principal orbit, then the volume distortion v becomes zero at the special orbit. It follows that if both the metricḡ and the 1-form ω is C 2 , then along γ, we have Ric(N, X) + 1 2ω (X) − ω t (L t (X)) = 0 (resp. Ric(N, N ) +ξ + ǫ 2 = 0). By G-equivariance, these expressions are zero everywhere on M . So we have a C 2 solution of the elliptic system in Lemma 2.2. We have therefore deduced Corollary 2.15. Let G be a compact Lie group acting isometrically with cohomogeneity 1 on a connected Riemannian manifold (M ,ḡ) whereḡ is of class C 2 . Let ω be a G-equivariant 1-form of class C 2 . Suppose that on M 0 the equations (1.11) and (2.6) are satisfied. If M has a special orbit with dimension strictly smaller than that of a principal orbit, then (1.9) holds everywhere. If in addition (2.5) holds on M 0 , then (1.10) also holds everywhere.
In particular, if (1.11), (2.5), and (2.6) hold, (g, ω) is a real analytic Ricci soliton on M .
Remark 2.16. In the setting of Remark 1.17, in order for Proposition 2.12 to remain valid, we need to assume that the hypersurfaces P t have constant mean curvature and that the scalar curvature ofḡ is constant along each P t . Note that the first variational formula for volume of a hypersurface family (cf [Ls] , Theorem 4) implies that the formulav = tr(L t )v holds when P t are compact (oriented) and of constant mean curvature. Finally, we also need to assume that the divergence δ ∇ t ω t is constant on each P t . Under these conditions there is an analogous version of Corollary 2.15.
In the case of a gradient Ricci soliton with a G-equivariant potential, we can make stronger statements as then ω t = 0.
Proposition 2.17. Let (M ,ḡ) be a connected Riemannian manifold withḡ of class C 2 and on which a compact Lie group G acts isometrically with cohomogeneity one. Let u be a C 3 G-equivariant function on M . Assume that M has a special orbit with dimension smaller than that of a principal orbit. If Eq.(1.16) holds on M 0 , then so does (1.14).
If in addition u satisfies (2.11) on M 0 , then (1.15) automatically holds.
Proof. We make use of the computations in the proof of Proposition 2.12. For the first claim, we use (1.3) in (2.13) to get
The set of t ∈ int(I) at which Ric(X, N ) does not vanish is a disjoint union of open intervals. Over each such interval, one has |vRic(N, X)| = C exp(u) for some positive constant C. But u(t) is everywhere defined and finite. So there is only one interval and its endpoints must correspond to special orbits. If one of these has dimension smaller than that of a principal orbit, we would have a contradiction. Hence we conclude that Ric(X, N ) vanishes everywhere, which is equivalent to the first claim.
For the second claim, we combine (2.11) with (2.14) to get
We can then argue exactly as for the first claim.
Remark 2.18. By Remark 2.16 there are clearly analogous conclusions for the setting of Remark 1.17 where we assume that there is a potential which is constant on the fibres of the function t.
A Class of Equidistant Hypersurface Families
In this section we consider the gradient Kähler Ricci soliton analogue of the Einstein equations for the hypersurface families studied in [WW] , [DaW] , [Wa] , and [CGLP] . Of course the hypersurfaces here need not be homogeneous; in fact they provide an illustration of Remark 1.17.
To fix notation, let (V
be respectively compact Kähler-Einstein Fano manifolds with real dimension 2n i and first Chern class c 1 (V i , J i ) = p i a i , where p i are positive integers, a i ∈ H 2 (V i ; Z) are indivisible classes, and the Kähler metric h i is normalized by the condition Ric(h i ) = p i h i . For q = (q 1 , · · · , q r ) with q i ∈ Z \ {0}, let P q denote the principal U (1)-bundle over V := V 1 × · · · × V r with Euler class r 1 q i π * i a i , where π i : V 1 × · · · × V r → V i is the projection onto the ith factor. Denote by M 0 the product int(I) × P q for some interval I.
Next let θ be the principal U (1) connection on P q whose curvature is Ω := r 1 q i π * i η i where η i is the Kähler form of the metric h i . Using it we introduce the 1-parameter family of metrics g t on P q given by (3.1)
where f and g i are sufficiently smooth functions on I. Note that each g t makes the bundle projection map into a Riemannian submersion with totally geodesic fibres, and the curvature form Ω is parallel with respect to any of the product metrics on the base. We observe that U (1) acts via isometries of g t on the right of P q for all t. This is important for two reasons. First it gives rise to a moment map which allows us to introduce a reparametrization that simplifies the Ricci soliton equations. Second if we choose the 1-form ω to be of the form ξ(t)dt + ω t , where ω t = λ(t)θ, then it follows that δ * ω t = 1 2 L λ(t)f (t) −2 Z g t = 0 where −Z is the Killing field generated by the right U (1) action. Notice that θ(Z) = 1 and g t (Z, Z) = f (t) 2 . (The above form for ω is a natural choice because when all the V i are in addition homogeneous, then P q is homogeneous, and for most choices of q, the trivial summand p 0 in the isotropy representation of P q is one-dimensional (spanned by Z)).
The metricḡ = dt 2 + g t on int(I) × P q is easily seen to be hermitian with respect to the complex structure J obtained by lifting the product complex structure of the base to the horizontal spaces of θ and letting J(N ) = −f (t) −1 Z.
We can now write down the Ricci soliton equations as in [WW] . Now tr(
, is constant on {t} × P q . Also, using the fact that g t is a Riemannian submersion with totally geodesic fibres, one sees that δ ∇ t L t = 0. Therefore we have Ric(N, X) = 0 for all X ∈ T P q . By the argument in Remark 1.20, we are reduced to the case of a gradient Ricci soliton, i.e., the Ricci soliton equation implies that λ(t)θ, viewed as a 1-form on M , is a Killing field and hence can be subtracted off from ω.
The gradient Ricci soliton equation on int(I) × P q is then the following system of equations (writingu for ξ as in §1)
As in [WW] we introduce the moment map coordinate s defined by ds = f (t)dt and let
We shall denote by ′ differentiation with respect to s. In addition, let us set
Then the above system becomes
The first integral (2.11) can be written as (3.10)
for some constant c. Equating (3.7) with (3.8) we obtain
In view of the results in [WW] and [Wa] (Theorems 3.1 and 3.2) we may look for solutions where (3.12)
This forces ϕ to be a linear function in s. In the following we will show that this leads to gradient Kähler Ricci solitons generalizing those constructed in [Ko] , [Ca1] , [Ca2] , and [FIK] . As this analysis parallels that in [WW] , we shall be brief and only emphasize the necessary additional considerations.
We recall that setting all µ i to be 0 is equivalent to the geometric condition that the Riemann curvature tensor ofḡ is fully invariant under the action of the complex structureJ (cf Corollary 7.5 in [WW] ). There are two types of solutions to µ i = 0 : either β i is a quadratic polynomial in s of the form A 0 (s + s 0 ) 2 − q 2 i 4A 0 with A 0 = 0 or it is a linear polynomial of the form ±q i (s + σ i ). Furthermore, in the latter case, the choice of the minus sign for all i corresponds to the Kähler condition for the metricḡ with respect to the complex structureJ. We recall from [G] or [FIK] that for gradient Ricci solitons where the metric is Kähler, the vector field X = grad u is automatically an infinitesimal automorphism ofJ. Accordingly, let us set (3.13) β i := −q i (s + σ i ), and ϕ := κ 1 (s + κ 0 ), where σ i and κ i are real constants to be determined. Substituting these into (3.9) leads to (3.14) α ′ + α((log v) ′ − κ 1 ) = ǫs + E * and the consistency condition
One can now directly check that (3.7) and hence (3.8) automatically hold, while (3.10) is consistent with (3.9) provided that (3.16)
Integrating (3.14) gives (3.17)
Combined with the earlier expression (3.13) we have a family of explicit solutions to the equations. In order to construct complete examples from the above local solutions, we need to analyse the smoothness conditions when we compactify an end of our cohomogeneity one manifold M 0 = int(I) × P q by adding a compact submanifold at t = 0. We may assume without loss of generality that s = 0 when t = 0. There are then two possibilities. We can add V 1 × · · · × V r , which corresponds to letting α go to zero as s tends to 0. If V 1 , say, is a projective space CP n 1 then we can add V 2 × · · · × V r (r ≥ 2), which corresponds to letting both α and β 1 go to zero as s tends to 0. Notice that the former case may be regarded as a special case of the latter case by allowing n 1 to be zero.
When we compactify M 0 by adding V 1 × · · · × V r at t = 0, the smoothness conditions for the metricḡ can be deduced by the methods in section 1 of [EW] . One concludes that f should be smooth and odd in t withḟ (0) = 1 and that g i should be smooth and even with g i (0) = 0. (We have used here the condition θ(Z) = 1.) However, by Lemma 2.2, we actually only need to check these conditions up to order 2 and that the functions have a finite third derivative at t = 0. ¿From f (t) 2 = α(s) it follows that if α is thrice differentiable with α(0) = 0 and α ′ (0) = 2, then f is odd up to order 2 and thrice differentiable withḟ (0) = 1. Using these properties in conjunction with the differentiability of ϕ and β i and (3.5), it follows easily that u and g i are thrice differentiable and even (up to order 2). Also, β i (0) > 0 gives g i (0) = 0.
If V 1 = CP n 1 and we compactify M 0 by adding the submanifold V 2 × · · · × V r , then the above analysis remains valid except that we must suitably change the conditions on β 1 , g 1 (t) in order that g is smooth. Here the key point is that the distance spheres in the normal bundle of V 2 × · · · × V r must become round as t tends to 0. Recall that in the Hopf fibration S 2n 1 +1 → CP n 1 where the sphere has constant curvature 1, the submersed metric has Einstein constant 2(n 1 + 1). Since we have chosenḟ (0) = 1 and Ric(h 1 ) = (n 1 + 1)h 1 , this implies thatġ 1 (0) 2 = 1/2. The relation 2g 1ġ1 = β ′ 1 f then forces us to choose β ′ 1 (0) = 1, i.e., q 1 = −1. In other words, if we let q 1 = −1 and β 1 (s) = s, then g 1 (t) will be smooth and odd (up to order 3) withġ 1 (0) = ±1/ √ 2, which will ensure thatḡ is smooth.
Steady Solitons
We let ǫ = 0 and V 1 = CP n 1 with n 1 ≥ 0. Let β 1 (s) = s, i.e., we take q 1 = −1 and σ 1 = 0. In order to have β i (s) > 0 on [0, +∞), 2 ≤ i ≤ r, we need to assume −q i > 0 and σ i > 0. The consistency conditions (3.15) and (3.16) lead to
except in the case r = 2, n 2 = 0 when there is no third equality. The manifold M is then C n 1 +1 . In any case it follows that
Notice that v = µs n 1 + higher powers of s, where µ is a constant. It follows from (3.17) that α(s) = E * n 1 +1 s + . . ., so the above constraint E * = 2n 1 + 2 guarantees that α ′ (0) = 2, as required by the collapsing. It is also clear that α(0) = 0 and, from (3.18), that α(s) > 0 when s > 0 since we've chosen σ i positive for i ≥ 2. This, together with our choice of q 1 above, shows that the metric extends smoothly to the compactified end at s = 0.
To ensure that we get a complete metricḡ, recall that the geodesic distance
and so we need to ensure that the integral diverges as s → +∞. If κ 1 > 0, then the integral in (3.18) is bounded and so α(s) grows exponentially. The geodesic distance would then be bounded. On the other hand, if κ 1 < 0, the integral in (3.18) grows like
s n 1 +···+nr e −κ 1 s . So α(s) is asymptotic to a positive constant, and hence the geodesic distance is unbounded and the metric is complete. The κ 1 = 0 case is the Einstein case, and α(s) grows like s. So again the geodesic distance is unbounded.
For κ 1 < 0, we see that (suppressing multiplicative constants) for large t, f (t) is O(1), g i (t) ∼ t 1/2 , u(t) ∼ t, and the volume of the hypersurfaces grow like t (n−1)/2 . (Recall that n is the dimension of P q .) In other words, the hypersurfaces {t} × P q are asymptotically circle bundles whose fibres have approximately constant circumference. This kind of behaviour is often referred to as cigarparaboloid asymptotics (inspired by the Hamilton-Witten cigar soliton in complex dimension one). One can calculate in our examples that the sectional curvatures ofḡ decay at least as fast as t −1 as t becomes large.
The free parameters in this construction are σ i > 0 and κ 1 ≤ 0. (The constant κ 0 represents an inherent ambiguity of the potential function u(t).) If we multiply the metricḡ by a positive constant, then ǫ becomes divided by the constant, as the Hessian of u and the Ricci tensor are unchanged. Therefore, we obtain an r (resp. r − 1) parameter family of Kähler Ricci soliton solutions if we compactify M 0 at one end by adding
Note finally that if we let κ 1 =ü(0) tend to 0 we obtain the convergence of non-trivial Kähler Ricci solitons to Ricci-flat Kähler metrics.
Expanding Solitons
We assume ǫ = 1 to factor out homothety. As in the case of steady solitons, we need −q i > 0, σ i > 0 for 2 ≤ i ≤ r and q 1 = −1. The consistency conditions (3.15) and (3.16) become
Hence σ i are no longer free parameters and we need to have
except when r = 2, n 2 = 0. We now have
As before, we need κ 1 ≤ 0 for the completeness ofḡ. Indeed when κ 1 < 0, α(s) grows like − 1 κ 1 s and when κ 1 = 0, α(s) grows like s 2 , so the geodesic distance t is unbounded. In the case κ 1 < 0, it follows that (suppressing multiplicative constants) for large t, f (t) ∼ t, g i (t) ∼ t, u(t) ∼ t 2 and the hypersurfaces {t} × P q have Euclidean volume growth, i.e., each M has an asymptotically conical end. Hence we obtain a one-parameter family of soliton solutions which converge to a complete Kähler-Einstein metric with negative scalar curvature. As before, our choice of E * and q 1 guarantees smooth extension over the compactified end at s = 0. One may check that the sectional curvatures of the metric decay like t −2 as t becomes large.
We may summarise the above discussion as
be Fano Kähler-Einstein manifolds with complex dimension n i and first Chern class p i a i where p i > 0 and a i are indivisible classes in H 2 (V i , Z). Let V 1 be CP n 1 with normalised Fubini-Study metric and assume that n 1 ≥ 0. Let P q denote the principal S 1 bundle over
there is an (r − 1)-parameter family of non-trivial complete steady gradient Kähler-Ricci solitons on the underlying space of the corresponding complex
there is a 1-parameter family of non-trivial complete expanding gradient Kähler-Ricci solitons on the corresponding complex C n 1 +1 vector bundle over V 2 × · · · × V r . In both cases, the Kähler metric on the bundle has a circle of isometries and the soliton potential u can be chosen to be constant on the distance sphere-subbundles. If we let the value ofü at the zero section tend to 0 and fix the rest of the parameters, then the soliton metrics converge to a complete Kähler-Einstein metric.
Remark 3.21. In (i) of the above theorem, the case n 1 = 0, r = 2 with V 2 = CP n was obtained in [Ca1] and [ChV] (cf Proposition 5), as was the case n 2 = 0, r = 2 with V 1 = CP n where the manifold is C n+1 . Cao further made the important observation that this 1-parameter family of examples contain ones with positive sectional curvature.
In (ii) of the above theorem, the case n 2 = 0, r = 2 with V 1 = CP n was obtained in [ChV] (cf Proposition 3) and [Ca2] . Cao again showed that this example contained solutions with positive sectional curvature. The case n 1 = 0, r = 2 with V 2 = CP n was obtained independently in [ChV] (cf Proposition 5) and [FIK] . That V 2 can be replaced by any Fano Kähler-Einstein manifold was noted in [PTV] (cf Theorem 2).
Remark 3.22. The above arguments also work in the case of expanding solitons if some of the p i are allowed to be nonpositive (i.e., the Kähler-Einstein manifolds have c 1 ≤ 0). When the base consists of a single Kähler-Einstein factor this was observed in [PTV] (cf Theorem 1).
More precisely, for a base factor that has negative first Chern class, we need to assume that c 1 (V i , J i ) = p i a i where p i is a negative integer and a i is an indivisible class in H 2 (V i ; Z), and for a Calabi-Yau base factor, we assume that the Kähler form η i of the metric h i is 2π times an integral cohomology class a i . Then the conditions on the Euler class of the U (1) bundle P q are that q 1 = −1 (V 1 = CP n 1 , n 1 ≥ 0 is still the collapsing factor), q i < 0 for the non-positive KE factors, and −q i (n 1 + 1) > p i for the Fano KE factors. So again we obtain a 1-parameter family of Kähler Ricci solitons.
Shrinking Solitons
We again set ǫ = −1 to factor out homothety. We first assume r ≥ 2 and let V 1 = CP n 1 (n 1 ≥ 0) with the normalised Fubini-Study metric. Then the consistency conditions (3.15) and (3.16) become (3.23)
Observe that if we ensure that v > 0 in (3.17), except at endpoints of I, the factor E * −s = 2n 1 +2−s in the integrand could still make α become non-positive. We therefore have to consider two separate cases, corresponding to whether or not this happens at a finite endpoint. First let us consider solutions defined on a finite interval [0, s * ], where at s = s * we need to put in a compactifying submanifold as well. In this case, let r ≥ 3 and set V r = CP nr (n r ≥ 0), equipped with the normalised Fubini-Study metric. The compactifying submanifold at s = s * becomes V 1 × · · · × V r−1 .
If we now apply the smoothness conditions at s = s * , we obtain q r = 1 and β r = s * − s. The consistency condition (3.15) implies that s * = 2(n 1 + n r + 2). In order to have
must hold. These relations mean that σ i , s * + σ i both have the opposite sign to q i for 2 ≤ i ≤ r − 1. Now α becomes
where we have cancelled a factor of i (−q i ) n i from the numerator and denominator. By examining this formula, we see that in order for α(s * ) = 0 and α(s) > 0 on (0, s * ) it is necessary and sufficient that the integral (3.24)
We have therefore deduced Proposition 3.25. Let (V i , J i , h i ), 1 ≤ i ≤ r, r ≥ 3, be Fano Kähler-Einstein manifolds with complex dimension n i and first Chern class p i a i where p i > 0 and a i are indivisible classes in H 2 (V i ; Z). Let V 1 and V r be complex projective spaces with normalised Fubini-Study metric. Let P q denote the principal S 1 bundle over
. Suppose in addition that −(n 1 + 1)q i < p i and (n r + 1)q i < p i for all 2 ≤ i ≤ r − 1. Then there is a compact shrinking gradient Kähler Ricci soliton structure on the space M obtained from P q × S 1 CP 1 by blowing P q down to V 2 × · · · × V r at one end and to V 1 × · · · × V r−1 at the other end iff for some κ 1 ∈ R, the integral in (3.24) vanishes. The Ricci soliton is Kähler-Einstein if κ 1 = 0 and is otherwise non-trivial.
Remark 3.26. (i) The examples of Koiso [Ko] , Cao [Ca1] , and Chave-Valent [ChV] of CP 1 -bundles over complex projective space correspond to the situation when r = 3, V 2 = CP n 2 , and n 1 = n 3 = 0. Here q 2 must satisfy 0 < |q 2 | < n 2 + 1. Other similar examples with orbifold singularities were constructed in [FIK] . Actually, it was already observed earlier in [G] that V 2 can be any Fano Kähler-Einstein manifold.
(ii) The integral I is a special case of the new holomorphic invariant introduced in [TZ2] . When κ 1 = 0, it becomes the Futaki character for the first Chern class of (M , J) evaluated on the real holomorphic vector field J(Z) = f N .
(iii) Note also that if n 1 = n r we have (for fixed p i and n i ) the relation
In particular, when n 1 = n r , if I vanishes at κ 1 = ̺ for the Kähler manifold determined by q = (q 1 , · · · , q r ), then I vanishes at κ 1 = −̺ for the Kähler manifold determined by −q and interchanging V 1 and V r . (These manifolds are related by a diffeomorphism which reverses orientation along the fibres.)
We will now examine the asymptotics of the integral in (3.24) as |κ 1 | becomes large. We shall use the identity (3.27)
In particular, note that if P(x) is a polynomial then for κ 1 >> 0
where b m is the lowest nonzero coefficient of P. Letting x = s −x, we see that for κ 1 << 0
where P(x) = bm(s − x)m+ higher powers of (s − x). Hence the asymptotic signs of the integral are given by the signs of b m and bm respectively.
If we now substitute y = 2(x + n 1 + 1) in the integral in (3.24), we obtain
Equivalently, (3.28) I = 2
where we have used (3.23), p 1 = n 1 + 1, p r = n r + 1, q 1 = −1, q r = 1, and s * = 2(n 1 + n r + 2). Now the discussion following (3.27) shows that
In particular the asymptotic sign of I is that of (−1) nr+1 r−1 i=2 σ n i i . Similarly, the asymptotic sign of I for κ 1 << 0 is that of (−1) nr r−1 i=2 (s * + σ i ) n i . But as noted earlier, s * + σ i and σ i have the same sign for 2 ≤ i ≤ r − 1. Hence the asymptotic signs are always opposite, and we obtain Theorem 3.30. All the compact Kähler manifolds M described in Theorem 3.25 are Fano and admit an explicit gradient Kähler Ricci soliton.
We illustrate our discussion with some examples.
Example 3.31. Let us consider Ricci solitons on CP 1 -bundles over CP 2 × CP 2 . We are therefore just collapsing a circle at each endpoint, rather than a higher-dimensional sphere, so we take r = 4 and n 1 = n 4 = 0. Moreover n 2 = n 3 = 2 and p 2 = p 3 = 3. We must choose |q i | < p i for i = 2, 3.
(This also implies that the first Chern class of the resulting complex manifold is positive.) Let us take (q 2 , q 3 ) = (1, −2). Our integral (3.24) becomes:
Using MAPLE, we find that if κ 1 = 0 then this integral equals 7.8 (so there is no Kähler-Einstein metric). If κ 1 = 1 2 , on the other hand, the integral is approximately -0.7289, so there is a κ 1 ∈ (0, 1 2 ) where (3.32) vanishes and we have a shrinking Ricci soliton.
Note that more examples can be obtained by taking the base to be a product of complex projective spaces. Since SU(n i + 1) acts transitively on CP n i and we have an additional isometric circle action on the fibres, the resulting S 2 bundles are toric. There is, of course, a general existence theorem for Kähler Ricci solitons for toric Fano varieties due to Wang and Zhu [WZ] . So the examples we get here are not new, but the Kähler metrics are reasonably explicit.
For non-toric examples with inhomogeneous base we may take some of the factors in the base to be suitable Fermat hypersurfaces F(n, d), i.e., smooth degree d hypersurfaces in CP n+1 . These have c 1 equal to (n + 2 − d) times the generator of the second integral cohomology group, so are Fano if d < n + 2. They are known to admit Kähler-Einstein metrics by the work of Siu [Si] and Tian [T1] if d = n, n + 1, of Nadel [Na] if 1 2 (1 + n) ≤ d ≤ n + 1 , and of Tian [T2] for the remaining cases.
Example 3.33. Let us take r = 4 and n 1 = n 4 = 0, with V 2 and V 3 equal to the irrational Clemens-Griffiths three-fold F(3, 3) [ClGr] . As n 2 = n 3 = 3, c 1 (F(3, 3) ) is twice the generator, and so p 2 = p 3 = 2.
If we choose (q 2 , q 3 ) = (−1, −1) the integral (3.24) is
If κ 1 = 0, this is 1368 7 , so there is no Kähler-Einstein metric. If κ 1 is large positive, we see from (3.29) that the integral is ∼ − 1 2κ 1 , so we deduce there is a positive value of κ 1 for which the integral vanishes. We thus obtain a Kähler-Ricci soliton on a CP 1 -bundle over a product of two copies of F(3, 3).
Example 3.34. We next consider an example with blow-downs. We take r = 3, n 1 = n 3 = 1 and V 2 to be F(4, 3). Now n 2 = 4 and c 1 (F(4, 3) ) is three times the generator . We need |2q 2 | < p 2 = 3, so q 2 = ±1. If we choose q 2 = −1 our integral becomes
For κ 1 = 0 this is − , so again we deduce the existence of a soliton.
Let us now consider noncompact complete shrinking solitons. We look for solutions defined on [0, +∞), so that we only need to put in the compactifying submanifold V 2 × · · · × V r at s = 0. That this type of solution actually exists was first observed in [FIK] . In the following we describe the natural generalization of these examples.
As in the steady and expanding cases, we take r ≥ 2 with q 1 = −1, σ 1 = 0, so β 1 (s) = s. In order for β i (s) > 0, 2 ≤ i ≤ r, we need to assume −q i > 0 and σ i > 0. The consistency conditions (3.15) and (3.16) then lead to the conditions The specific form for α(s) becomes
It is clear from this expression that unless κ 1 > 0, α(s) will eventually become negative. Therefore, from now on we let κ 1 > 0. Since σ i > 0 by choice, the integrand is positive on (0, 2n 1 + 2) and negative if x > 2n 1 + 2. So the integral in α(s) is increasing on (0, 2n 1 + 2) and monotonically decreasing on (2(n 1 + 1), +∞). In particular, α(s) > 0 for all s > 0 provided we can show that the integral is asymptotically positive. Observe as before that the term in braces in the integrand is a polynomial
with D = n 1 + · · · + n r + 1 and a D < 0, a n 1 > 0. Using the formula (3.27) we obtain
Recall from our discussion of the steady and expanding cases that if we are to have a complete metric α(s) cannot grow exponentially. It follows from our last formula that we must choose κ 1 > 0 so that
This is certainly possible since a D < 0 and a n 1 > 0. In fact, such a κ 1 is unique. For the expression on the left of (3.35) is χ(
) where the coefficients of χ(x) are obtained from those of Ψ(x)/x n 1 by multiplying by positive constants. But by the definition of Ψ, we see the roots of the polynomial Ψ(x)/x n 1 are all real, and moreover one root is positive and the rest are all negative. Descartes's rule of signs now implies there is exactly one sign change in the coefficients of Ψ(x)/x n 1 . Hence this is also true for χ(x), and the rule of signs now implies χ has a unique positive root.
With such a choice of κ 1 , it follows that for large s we have
As κ 1 is positive, we see that α(s) is positive for large s, and hence as observed earlier, for all s > 0. So our Ricci soliton solution is defined on the whole interval [0, ∞), as desired. Furthermore, the geodesic distance t ∼ 2 √ κ 1 s 1/2 , so f (t) ∼ (2κ 1 ) −1 t, and g i (t), u(t) ∼ positive constants times t and t 2 respectively. Hence M has an asymptotically conical end, just like the situation in the expanding case. In particular, the metric is complete. As in the expanding case, the sectional curvatures decay like t −2 . We have therefore deduced Theorem 3.36. Let (V i , J i , h i ), 1 ≤ i ≤ r, r ≥ 2, be Fano Kähler-Einstein manifolds with complex dimension n i and first Chern class p i a i where p i > 0 and a i are indivisible classes in H 2 (V i , Z). Let V 1 be CP n 1 , n 1 ≥ 0, with normalised Fubini-Study metric and let P q denote the principal S 1 bundle over V 1 × · · · × V r with Euler class −π * 1 (a 1 ) + r i=2 q i π * i (a i ). Suppose in addition that 0 < −(n 1 + 1) q i < p i for all 2 ≤ i ≤ r. Then there is a complete shrinking gradient Kähler Ricci soliton structure on the space M obtained from the line bundle P q × S 1 C by blowing the zero section down to V 2 × · · · × V r . The Ricci soliton metric has an asymptotically conical end.
Remark 3.37. The examples in [FIK] correspond to taking r = 2, n 1 = 0 and V 2 to be a complex projective space. As noted there, the case r = 2, n 2 = 0 corresponds to flat C n 1 +1 as a shrinking soliton. Of course the essentials of the above analysis are similar to those in [FIK] .
As discussed in §0, the Ricci flow of a soliton with vector field X is a combination of rescaling by (1 + ǫτ ) and pulling back by diffeomorphisms ψ τ , where ψ τ integrate the field Y τ = 1 1+ǫτ X. In our examples X = grad u, and u is constant on hypersurfaces, so we have X =u N . We need a flow ψ τ such that
Hence Ξ is given by
where F (t) is an antiderivative of 1 u(t) = 1 κ 1 f (t) . On the other hand, at an endpoint of the interval I, u must be zero by Lemma 1.21. So at a compactifying submanifold of our shrinking or expanding solitons, the Ricci flow just homothetically shrinks the submanifold as we approach the critical time. This is consistent with F (t) approaching ±∞ as t → 0, as we shall see below.
Let us consider our noncompact shrinking solitons. Now ǫ = −1 and κ 1 is positive, and F (t) is asymptotically a positive constant times log t as t approaches 0 or ∞. More precisely, the discussion before Thm 3.36 shows that F (t) ∼ 2 log t as t becomes large, since f (t) ∼ (2κ 1 ) −1 t. Hence F −1 (t) ∼ e 1 2 t for t large. As τ approaches 1 from below, we see Ξ(τ, t) ∼ e In particular Ξ(τ, t) → ∞ as τ tends to 1. Now the Ricci flow is the combination of ψ τ and overall rescaling by (1 − τ ), so we see that the leading, i.e., t 2 terms in the metric coefficients survive and the other terms are killed. So under the Ricci flow our soliton flows towards a cone, which is the same as the asymptotic cone of the original metric.
For the complete expanding solitons, we have ǫ = 1 and κ 1 < 0. Asymptotically α(s) ∼ − s κ 1 and f (t) ∼ (−2κ 1 ) −1 t, so F (t) ∼ −2 log t and tends to −∞ for large t. Hence F −1 (t) ∼ e − 1 2 t for t large negative. We have Ξ(τ, t) = F −1 (F (t) + log(1 + τ )) , so as τ approaches −1 from above Ξ(τ, t) ∼ e Under the Ricci flow this term is rescaled by 1 + τ , and again all terms except the leading conical t 2 terms disappear in the limit. So as before the soliton approaches the asymptotic cone of the original metric. For the complete steady soliton, we have ǫ = 0 and κ 1 < 0. Now α(s) and f (t) are asymptotic to positive constants as t becomes large, while f (t) ∼ t for t ∼ 0. Hence F (t) ∼ µt for t large, where µ is a negative constant; also F (t) ∼ log t κ 1 for t close to zero. Hence F (t) tends to ∞ as t → 0 and tends to −∞ as t → ∞. So F −1 (t) ∼ µ −1 t for t → −∞ and ∼ e κ 1 t for t → ∞.
Hence as τ → −∞, we have Ξ(τ, t) ∼ µ −1 (τ + F (t)). In particular Ξ(τ, t) → ∞.
As τ → +∞, we have Ξ(τ, t) ∼ e κ 1 τ · e κ 1 F (t) , so Ξ(τ, t) tends to zero. §3, the solution is given by (3.17) where . If ǫ = 0, then (4.12) and (4.10) show that Θ s is a linear combination of Ω and Θ * KE , so is automatically closed. If ǫ = 0, we do need to impose the condition that a i Θ * KE | p i is closed. The asymptotics of our solutions are the same as those in §3. In the case of steady solitons with κ 1 < 0 the metric is complete at infinity and the circle fibres in g t have asymptotically constant radius. For expanding solitons with κ 1 < 0 again we have completeness at infinity and the metric g is asymptotically conical. We also have asymptotically conical shrinking solitons with κ 1 > 0.
As in §3, we can consider possible collapsing to special orbits. Consider a special orbit G/H where K ⊂ H ; for smooth collapsing we need H/K to be a sphere S k . As in [DaW] , we take
for some m ≥ 0 (h must be of this form if the Hermitian structure extends over the special orbit). Note that m = 0 corresponds to the case where we just collapse a circle and we have H = Q. Also note that d 1 + · · · + d m = (k − 1).
As before, for the metric to smoothly extend over the special orbit the spheres in the normal bundle to G/H must approach the round metric. Let us write the round metric of constant curvature 1 on H/K as c In the compact case, where the interval I is [0, s * ], we also need conditions at s = s * . These conditions (in terms of α, β) are the same as those at s = 0 (for a different set of indices i, of course) except that the signs of the derivatives are changed. Ifk denotes the dimension of the collapsing sphere at s = s * , and if the indices of the corresponding collapsing summands are labelled m + j, . . . , r, then we have c 2 i = 1/(k + 1) : (i = m + j, . . . , r) and we need s * = k +k + 2.
As in §4 of [DaW] , we can arrange that the above conditions are satisfied for suitable choices of H, and thus obtain complete examples of shrinking, expanding or steady solitons, as well as examples of compact shrinking solitons (as in §3, the integral (3.24) vanishes for some choice of κ 1 ). In the case of compact shrinking solitons with no blowing-down these examples are included in those found by different methods in [PS2] .
Remark 4.16. To compare with the results of [DaW] for Kähler-Einstein metrics, observe that the Einstein constant Λ equals − ǫ 2 , so we recover the consistency relation (2.13) of [DaW] . Our E * is twice the constant C of [DaW] , and relations (4.13), (4.14) give the relations (3.1),(3.2) of [DaW] . Note also that the volume v in the current paper differs from the "v" in [DaW] by a factor of f 2 .
